In this paper, an analysis is made on the laminar jet flow and heat transfer of a copper-water nanofluid over an impermeable resting wall. With the homogeneous model (Maïga et al. in Int. J. Heat Fluid Flow 26(4): 530-546, 2005), the Navier-Stokes equations describing this heat fluid flows are reduced to a set of differential equations via similarity transformations. An implicitly analytical solution overlooked in previous publications is discovered for the velocity distribution. We further present the explicit solutions with high precision for both the velocity and the temperature distributions. A mathematical analysis shows that those explicit solutions have exponential behaviors at far field. Besides, the effects of the volumetric fraction parameter φ and the dimensionless heat transfer parameter γ on the velocity and temperature profiles, as well as on the reduced local skin friction coefficient and the reduced Nusselt number, are examined in detail.
Introduction
In an actual environment, the turbulent wall jets are dominant. While the laminar ones still attract many researchers owing to their numerous practical and potential applications including the cooling systems for the central processing units of laptops, spray-paint processing for vehicles or buildings, downwards-directed jets from a vertical-take-off aircraft spreading out over the ground, cooling jets over turbo-machinery components, sluice gate flows, and so on. The boundary layer approximation is used commonly as an effective approach for simplification of the laminar wall jet problems. The corresponding similarity (or non-similarity) solutions were found to be adequate for the prediction of their behaviors. Among those studies of the laminar wall jet, Glauert [] was the first to use the name of wall jet for the description of such flows. By means of the similarity method, he reduced the two-dimensional Navier-Stokes equations to an ordinary differential equation and then obtained a well-known implicit analytical solution. Merkin and Needham [] and Needham and Merkin [] extended Glauert's problem [] to the cases that both the wall moving and the wall blowing/suction are allowed. They then concluded that if wall moving is introduced, the similarity solution could be only possible when an appropriately lateral suction is applied through the moving surface. Magyari and Keller [] confirmed Merkin and Needham's conclusion [] that no similarity solution of Glauert's type exists for the wall jet flowing over a resting surface in the presence of suction and/or injection. http://www.boundaryvalueproblems.com/content/2014/1/163 Instead, they found that a particular kind of solution with algebraically decaying behavior is in existence for the wall suction case. While Cohen et al. [] argued that the solutions of Glauert's type could be possible for the resting surface case when the suction/injection velocity is proportional to x -b for  < b < . Xu et al. [] further found that except for the solutions given by Cohen et al. [] , an infinite number of solutions of an algebraical nature exist for the considered case. For heat transfer problems, Magyari et al. [] made an analysis on heat transfer characteristics of a boundary layer flow driven by a power-law shear at far field over an impermeable flat surface. Mathematically, their problem is equivalent to a wall jet flowing over a heated flat surface. They then presented both the analytical and the numerical solutions for the special cases of the isothermal and of the adiabatic flat plate. They found that both exponentially and algebraically decaying solutions could be possible when the suction is applied through the wall. They then presented a family of solutions covered for various power-law distributions of the outer velocity and the wall temperature both analytically and numerically. As a new generation heat transfer fluids, nanofluids have received more and more attention for the reason that they possess a better thermal conductivity than that of the traditional heat transfer fluids. Many researchers have made great efforts to investigate the heat fluid flow in nanofluids under various circumstances since the heat transfer intensification due to dilute nanofluids could provide opportunities for a number of innovative applications in industrial sectors such as transportation, power generation, micromanufacturing, thermal therapy for cancer treatment, chemical and metallurgical sectors, as well as heating, cooling, ventilation, and air-conditioning. Several approaches have been suggested for modeling nanofluids. Typical models include the homogeneous model [, ], the dispersion model [], the Buongiorno model [] and so on. Note that there are controversies about the validity and applicability of those nanofluids models for the prediction of the behavior of nanofluids. Readers are referred to [-] for more details. Among those models, the homogeneous model is the most popular one since it is very convenient to extend the conventional conservation equations for pure fluids to nanofluids. As a result, all traditional heat transfer correlations regarding the computation of thermophysical properties could be suitable for nanofluids as well. This model is only valid for dilute nanofluids with a similar behavior to Newtonian fluids. When the concentration of the nanofluids grows high, the nanofluids no longer have the nature of Newtonian fluids, but exhibit behaviors like non-Newtonian fluids. In such a situation, this model cannot be used for modeling nanofluids. Fortunately, it has been found that, even for dilute nanofluids, the heat transfer enhancement can still be improved significantly as compared with the traditional heat transfer fluids. With the homogeneous model, some investigations have been done towards understandings of the heat transfer characteristics of nanofluids. In previous studies about the heat transfer problems in the boundary layer, the isothermal wall condition and the constant wall heat flux condition were frequently used since they possess a simple mathematical structure and often admit similarity solutions. Recently, Aziz [] made an analysis on a thermal boundary layer over a convectively heated flat surface in a uniform stream of fluid. He found that the similarity solutions could also be possible if the convective heat transfer associated with the hot fluid on the lower surface of the plate is inversely proportional to the square root of the distance along the wall. [] noticed that the convective boundary condition could also be applied to derive similarity solutions for non-Newtonian fluids. They then obtained the similarity solutions for the problem of the flow and heat transfer of an Eyring Powell fluid over a continuously moving surface in the presence of a free stream velocity. It should be noted to this end that investigations of flow and heat transfer problems with convective boundary conditions are very attractive and unique, since they are more realistic and practically useful than those with commonly used conditions of a constant surface temperature or constant heat flux.
The aim of this paper is to investigate the laminar nanofluid flow and heat transfer due to a jet spreading out over a convectively heated flat surface. The homogeneous model will be introduced to the boundary layer equations for modeling the nanofluid. Similarity solutions of the boundary layer equations will be sought, according to which the forms of the velocity distribution across the jet and the heat transfer coefficient associated with the hot fluid on the lower surface of the plate are assumed, respectively, to vary inversely proportional to the square root and the three-quarter root of the distance along the flat surface from the leading edge. Explicit analytical approximations with high precision will be given for both the velocity and the temperature distributions. Besides, the important quantities of practical interests including the boundary layer thickness, the skin friction coefficient, the Nusselt number, as well as the overall surface heat transfer rate are computed and discussed. To the best of our knowledge this problem has not been considered before and the results are original and new.
Mathematical description
Consider a two-dimensional laminar jet flowing over a flat plate in a viscous nanofluid of temperature T ∞ . As shown schematically in Figure  narrow slit to the upper surface of the plate, while the lower surface of the plate is heated or cooled by convection from a fluid of temperature T f . With the assumptions that () the fluid is incompressible and the flow is laminar, () the nanofluid is dilute, () the shape of the metal nanoparticles suspended in the fluid is spherical, and () the homogeneous model developed by Maïga et al. [] is employed, the velocity and temperature within the momentum and thermal boundary layers, which develop along the surface, can be written as
subject to boundary conditions
Here the Cartesian coordinates system (x, y) is chosen with the x-axis being measured along the plate and the y-axis being normal to it, respectively. u and v are the velocity components along the x-and y-axes, T is the temperature, h f (x) is the heat transfer coefficient due to T f ; μ nf , ρ nf , α nf , and k nf are, respectively, the viscosity, the density, and the diffusivity and thermal conductivity of the nanofluid, which are given by
where φ is the solid volume fraction of the nanofluid, μ is the viscosity, ρ is the density, k is the thermal conductivity, C p is the specific heat capacitance, the subscript 'nf ' represents the nanofluid, 'f ' represents the base fluid, and 's' represents the nanoparticles, respectively. It should be noted here that the expression for μ nf is estimated by Brinkman [] using the existing relations for two-phase mixtures, the expressions for ρ nf and (ρC p ) nf are given by Xuan and Li [] , and the expression for k nf is approximated by the Maxwell-http://www.boundaryvalueproblems.com/content/2014/1/163
Garnetts model [] with the assumption that the shape of the nanoparticles is restricted to spherical ones. We now introduce the following similarity variables: 
subject to the boundary conditions
where Pr = ν f /α f is the Prandtl number, γ is the reduced heat transfer parameter, and ε  and ε  are two constants related to the properties of nanofluids and are given as
The physical quantities of practical interest are the local skin friction coefficient C fx and the local Nusselt number Nu x , which are given by
where τ w = μ nf (∂u/∂y) y= is the wall shear stress, q w = -k nf (∂T/∂y) y= is the wall heat flux, and u r = (/)x -/ is the reference velocity.
In terms of similarity variables (), we are able to obtain the non-dimensional expressions for C fx and Nu x via Eq. () as
where Re x = (u r x)/ν f is the local Reynolds number.
Analytical solutions

Asymptotic analysis
Here we check the asymptotic behaviors of the velocity profile f (η) and the temperature profile θ (η) in the limit case η → ∞. Due to the boundary conditions (), for considerably large η, we have
Integrating f (η) over η one time, we obtain
where λ is an integral constant. For the physical constraint f ≥ , it is readily seen that λ ≥ .
For η → ∞, we suppose f (η) and θ (η) can be expressed by
where F(η) and (η) are negligibly small. Substituting Eq. () into Eqs. () and () and then linearizing them, we obtain
which have the explicit solutions
where C  , C  , and C  are integral constants.
Due to Eqs. () and (), it is known that
With substitution of the boundary condition () into Eq. (), we find C  = , which leads to
It can be seen from Eqs. () and () that F (η) and (η) (hence f (η) and θ (η)) decay exponentially as η → ∞.
The implicit solution for f (η)
We multiply Eq. () by f (η) and integrate it from η to ∞, obtaining
Multiplying Eq. () by f -/ and integrating again, we obtain
It is found here that if f  (η) is the solution of Eq. (), so is f  (η) = Af  (Aη), since for any constant A, f  (η) always satisfies the boundary conditions (). When A varies, the expressions for ψ and η change accordingly, and u is precisely the same as that of changing the value of the arbitrary constant velocity U to U/A  . Without loss of generality, we choose f (∞) =  so that the constant in Eq. () is equal to /. Write f = g  ; we then have f = gg .
Therefore Eq. () takes the form
which has the implicit solution
By replacing g with f / , Eq. () can further be written as
The explicit solutions for f (η) and θ (η)
Based on the above mentioned asymptotic analysis for f (η) and θ (η) and the homotopy analysis method (HAM), it is assumed that they can be expressed by a set of real functions in the following forms:
where f k (η) and θ k (η) are the high order deformation derivatives and are given by
where λ is a given positive constant, and σ 
The recursive coefficientsĀ 
and
Other coefficients appearing in the above recursive formulas are defined as
where [x] gives the greatest integer less than or equal to x. When we setĀ 
and the homotopy auxiliary functions are chosen by
Results and discussion
We first examine the reliability and consistency of the explicit solution f (η) denoted in Eq. (). As shown in Figure  , for various values of φ, our explicit solution agrees well with the implicit one given in () in the whole range  ≤ η < ∞. Further, to check the The nanofluid is Cu-water. accuracy of the explicit solution θ (η), we define the following error estimation function:
Substituting various orders of explicit solutions f (η) and θ (η) into Eq. (), the corresponding errors can be obtained, as listed in Table  . It is clearly seen from this table that the errors decrease monotonously with the increase of the computational order k for both considered cases. The accuracies of those explicit solutions can be further improved when more and more orders of HAM truncations are involved. The variation of the non-dimensional velocity profiles f (η) with η for various values of φ are plotted in Figure  . It is found from this figure that for each selected value of φ, there is a critical value of η c corresponding to the maximum velocity, when η < η c , the velocity profile f (η) increases dramatically as η enlarges, while, when η ≥ η c , f (η) decreases gradually as η evolves. This is due to the fluid flow near the flat surface being restrained by the resting wall, while the flow at far field is retarded by the ambient quiescent fluid. On the http://www.boundaryvalueproblems.com/content/2014/1/163 other hand, we notice that the solid volumetric fraction parameter φ plays an important role in the variation of f (η); the larger is the value of φ, the greater is the maximum velocity f (η). We further notice that the peak velocity of the flow increases with φ enlarging, but the critical value of η c varies contrarily, it decreases as φ increases. This can be explained by two reasons. One is that the higher concentration nanofluid flow possesses more kinetic energy than the lower concentration nanofluid or Newtonian fluid flows since they have the same incidence velocities. The other reason is that, unlike Newtonian fluid flows that are usually subject to a solid boundary, the nanofluid flows past a geometry are often restricted by a slip boundary, which is of help to reduce the flow drag near the resting wall.
We then consider the variation of the non-dimensional temperature profiles θ (η) with η for various values of φ in the case of Pr =  and γ = . As illustrated in Figure  , θ (η) decreases continuously as η evolves for any prescribed value of φ. On the other hand, θ (η) enhances smoothly with φ increasing. This shows that the heat transfer characteristics of the considered fluid can be gradually improved as appropriate nanoparticles are continually added to it. We also notice that the reduced heat transfer parameter γ has an obvious effect on θ (η). As shown in Figure  , the temperature profile θ (η) increases consecutively as γ enlarges for all η. This changing trend becomes more evident for small values of γ . We further notice that, as γ tends to , θ (η) approaches  as well. In this limiting case, there is no heat transfer by convection through the wall at all. As γ tends to ∞, θ (η) approaches . In this limiting case, the wall temperature is equal to the temperature of the fluid under the wall. Following that, we discuss the effect of the Prandtl number Pr on the variation of θ (η). As shown in Figure  , it is almost unchanged for all ranges  < γ < ∞. Similarly, we are able to give the explicit expression for Nu x Re -/ x in the following form:
The boundary layer thicknesses are of physical importance for this problem, defined by 
Conclusions
In this paper, the laminar jet flow and heat transfer of a copper-water nanofluid over a resting wall has been examined in detail. By means of the homogeneous model, the original Navier-Stokes equations describing these jet flows have been reduced to a set of differential equations. An analytical solution for the velocity distribution has been obtained. The explicit solutions for both the velocity and the temperature distributions have been given by means of the HAM technique. The effects of the volumetric fraction parameter φ and the dimensionless heat transfer coefficient γ on the velocity and temperature profiles, as well as on the reduced local skin friction coefficient and the reduced Nusselt number have been investigated. Some novel results and findings of this study have been presented:
. An implicitly analytical solution for the velocity distribution is given, which has not been reported before. . A mathematical analysis for solution behavior at far field is presented. It is found that both the velocity and the temperature profiles decay exponentially at infinity. http://www.boundaryvalueproblems.com/content/2014/1/163 . Purely explicit solutions with high precision for both the velocity and the temperature distributions are obtained. . The volumetric fraction parameter φ has an important effect on the velocity and temperature distribution. The maximum velocity increases as φ enlarges. The temperature profiles increase as φ evolves, too. This means that the addition of nanoparticles into pure fluids is of help to reduce the flow drag near the wall and to improve the heat transfer capability of the base fluids. . The dimensionless heat transfer parameter γ plays a key role on the variation of the temperature profiles. The temperature profiles enhances as γ increases.
